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Topics

I line opacities
I natural line profile, oscillator strength
I thermal line broadening, Gauss profiles
I Voigt profile
I pressure broadening
I impact approximation
I statistical theory
I quasi-static ion broadening (H I)
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natural line profile

I classical harmonic oscillator:
I scattering of photons
I equation of motion:

m(ẍ + ω2
0x) = eE0 exp(iωt)−mγẋ

I m, e: mass and charge
I E0: amplitude of driving field
I ω0: harmonic oscillator frequency
I γ = 2e2ω2

0/3mc2: classical damping constant
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natural line profile

I steady state solution

x = <
[

(e/m)E0 exp(iωt)

(ω2 − ω2
0) + iωt

]
and

ẍ = <
[
−(eω2/m)E0 exp(iωt)

(ω2 − ω2
0) + iωt

]
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natural line profile

I total scattered energy out of the beam

< P(ω) >=

(
e4ω4

3m2c2

)
E 2

0

(ω2 − ω2
0)2 + γ2ω2

I convert to specific intensities:

< P(ω) >= σ(ω)

∫
I dΩ =

cE 2
0

8π
σ(ω)

if scattering cross-section σ(ω) is isotropic

σ(ω) =
8πe4ω4

3m2c4

1
(ω2 − ω2

0)2 + γ2ω2
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natural line profile

I optical wavelengths γ � ω →
I σ(ω) sharply peaked around ω = ω0

I →

(ω2 − ω2
0) = (ω + ω0)(ω − ω0) ≈ 2ω0(ω − ω0)

so that

σ(ω) =
πe2

mc

γ

(ω − ω0)2 + (γ/2)2

I → Lorentz profile
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natural line profile

I total cross section:

σtot =
πe2

mc

∫ ∞
0

(γ/4π)2 dν

(ν − ν0)2 + (γ/4π)2 =
πe2

mc

∫ ∞
−∞

dx

1 + x2 =
πe2

mc

I QM → same form for σ(ω) but (vastly) different σtot

I → write QM results as

σtot =
πe2

mc
fij

I fij : oscillator strength
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natural line profile

I classical damping constant (λ in cm)

γ =
2e2ω2

3mc2 =
0.2
λ2

I for most lines: too small by orders of magnitude!
I → needs QM calculation
I classical dipole approximation → emission → energy

dissipation

dW

dt
= −2

3
e2ω2

mc2 W = −γW
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natural line profile

I QM → W = Nuhν where Nu is the upper level’s
population

I →
dNu

dt
= −γNu

I for a transition u → l we have a rate

dNl

dt
= 4πAulNu

so that

dNu

dt
= −

∑
l

dNl

dt
= −4π

∑
l

AulNu
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natural line profile

I this gives a total damping constant

γu = 4π
∑

Aul

I γu is related to the lifetime of the level u

∆t =
1

4π
∑

Aul

is the average time interval an electron will stay in level u
I similar for the lower level (if not ground state!)
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natural line profile

I → probability for a electron having an energy within the
’band’ of the level u is

σ(∆ω) =
2πe2

mc

γ/2
∆ω2 + (γ/2)2

I same for the lower level l
I → a transition can occur anywhere within the combined

energy band!
I total absorption coefficient by convolution of 2 Lorentz

profiles
I → another Lorentz profile with

γul = γu + γl
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natural line profile
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thermal broadening

I thermal motions in the gas →
I absorption & emission shifted

∆λ

λ
=

∆ν

ν
=

vr
c

I distribution of ∆λ→ profile of thermally broadened line

13 / 54



thermal broadening

I thermal velocity distribution

dN

N
=

1
v0
√
π

exp

[
−
(
vr
v0

)2
]
dvr

with
v 2
0 =

2kT
m

I → wavelength shift

∆λD =
v0

c
λ =

λ

c

(
2kT
m

)1/2
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thermal broadening

I distribution in ∆λ→
dN

N
=

1√
π

exp

[
−
(

∆λ

∆λD

)2
]
d

(
∆λ

∆λD

)
I the thermal line profile is

σ(λ)dλ =
πe2

mc
fij
λ2

c

1√
π

exp

[
−
(

∆λ

∆λD

)2
]

dλ

∆λD

I → Doppler profile, Gauss profile
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Voigt profile

I overall line profile →
I convolution of the intrinsic line profile(s) with thermal

profile

ϕ(ν) =

∫ ∞
−∞

ϕL(ν − ξ v
c

)ϕD(ξ) dξ
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Voigt profile

I inserting the profiles and using

v =
(ν − ν0)

∆νD

y =
∆ν

∆νD
α =

γ

4π∆νD

→ Voigt function

H(α, v) =
α

π

∫ ∞
−∞

exp(−y 2) dy

(v − y)2 + α2
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Voigt profile

I schematic picture

H(α, v) ∝ exp(−v 2) +
α√
πv 2

I 1. term: Doppler ’core’
I 2. term: Lorentz (damping) ’wing’
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Voigt profile
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pressure broadening

I broadening due to collisional interactions
I typical perturbers: atoms, ions, molecules
I interaction disturbs energy levels of radiating particle
I depends on separation absorber — perturber
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pressure broadening

I net effect depends on
I distribution of encounters
I shape of interaction energy curves

I can be
I line shift
I asymmetry
I broadening
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pressure broadening
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pressure broadening

I important case:
I energy change due to collision follows power law

∆E ∝ r−n

I r : separation absorber — perturber
I n depends on the interaction type:
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pressure broadening
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pressure broadening

I energy change → frequency shift

∆Eu −∆El = h∆ν

I written as
∆ν =

Cn

rn

I Cn: interaction constant, measured or calculated
I for each transition!
I → known only for few lines
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impact approximation

I high temperature atmospheres
I → high velocities for radiating particles
I (in particular for H, He, electrons)
I → relatively short duration of perturbation
I (small compared to time between collisions)
I impact approximation (Lorentz, 1906!)

I EM wave of radiating particle terminated by impact
I later: phase shift of EM wave leads to broadening
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impact approximation
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impact approximation
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impact approximation

I W0: average time to radiate undisturbed
I → distribution of several segments

dP(Wj) = exp(−Wj/W0)dWj/W0

I → line absorption coefficient

∝
∫ ∞

0
W 2

(
sin(π(ν − ν0)W )

π(ν − ν0)W

)2

exp

(
W

W0

)
dW

W0
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impact approximation

I which gives

ϕ(ν) ∝ γn/4π
(ν − ν0)2 + (γn/4π)2

where
γn =

2
W0,n

collisional damping constant
I → impact approximation gives same line shape as natural

broadening
I line shape does not depend on interaction type!
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calculation of γn

I consider only large phase shifts (> 1 rad)
I Weisskopf approximation

I ignore all others
I single phase shift

∆ν =
Cn

rn

I cumulative change →

Φ = 2π
∫

∆ν dt =

∫
2π

Cn

rn
dt
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calculation of γn

I with ρ = R cos Θ→

Φ = 2π
∫

Cn cos2 Θ
dt

ρn

I with

v =
dy

dt
= (ρ/ cos2 Θ)

dΘ

dt

I →

dy = (ρ/v)
dΘ

cos2 Θ
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calculation of γn

I this gives

Φ =
2πCn

vρn−1

∫ π/2

−π/2
cosn−2(Θ) dΘ

I integral for different n:

n = 2 → π
n = 3 → 2
n = 4 → π/2
n = 6 → 3π/8
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calculation of γn

I consider only phase shifts > 1 rad →
I limiting impact parameter

ρ0 =

(
2πCn

v

∫ π/2

−π/2
cosn−2 Θ dΘ

) 1
n−1

I consider only collisions with ρ ≤ ρ0

I → number of collisions

(πρ2
0v)NT

I N : number density of perturbers
I T : time interval over which collisions are counted
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calculation of γn

I set T = W0 → number of collisions is ≈ 1
I thus

(πρ2
0v)NW0 = 1

I →
γn =

2
W0,n

= 2πρ2
0vN

with

v =

√
8kT
π

(
1
mA

+
1
mB

)
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Example 1: quadratic Stark

ρ0 = (πC4/2v)1/3

and
γ4 = 2πvN(π2C4/v)2/3 = 29v 1/3C

2/3
4 N

I better theory Lindholm approximation →
γ4 = 39v 1/3C

2/3
4 N
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Example 1: quadratic Stark

I perturbers: electrons, ions

γ4 = 39C 2/3
4

[
8kT
π

(
1
m

+
1
me

)]1/6

Ne

+ 39C 2/3
4

∑
i

[
8kT
π

(
1
m

+
1
mi

)]1/6

Ni
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Example 2: van der Waals

γ6 = 17v 3/5C
2/5
6 N

I typically induced by H, He (cool objects: also H2)
I experimental result:[

C6(He)

C6(H)

]2/5

= 0.619

I also (vHe/vH)3/5 = 0.684
I gives an expression of the form

log γ6 = 19.6 + logC6(H) + logPgas − 0.7 logT
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Example 2: van der Waals

I Unsöld C6 approximation:

C6(H) = 0.3× 10−30
[

1
(I − χ− χλ)2 −

1
(I − χ)2

]
I I : ionization potential
I χ: excitation potential (lower level)
I χλ: energy of line photon
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Example 2: van der Waals
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statistical theory

I impact theory in stellar atmospheres valid for metal lines
I not for Balmer lines!
I reason: duration of collisions long compared to time

between collisions!
I statistical theory:

I radiating particle embedded in statistically fluctuating
field of randomly distributed perturbers

I if motion of perturbers is ignored
I → ’quasi-static approximation’
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statistical theory
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nearest neighbor approximation

I main effect by perturbation of nearest neighbor
I neglect everything else
I W (r): probability that nearest neighbor is at (r , r + dr)

I → frequency spectrum

I (∆ω)d(∆ω) ∝ W (r)[dr/d(∆ω)]d(∆ω)

with ∆ω = Cn/r
n
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nearest neighbor approximation

I uniform density →

W (r) = 4πr 2N exp

(
−4
3
πr 3N

)
I write interparticle distance r0 = (4/3πN)1/3,
I define ∆ω0 = Cn/r

n
0

I → (∆ω/∆ω0) = (r0/r)n

I so that

W (r)dr = exp
(
−(∆ω/∆ω0)3/n) d(∆ω/∆ω0)3/n
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nearest neighbor approximation

I for linear Stark effect (n = 2)
I ’normal field strength’

F0 =
e

r 2
0

= e

(
4
3
πN

)2/3

= 2.59N2/3

I define β = F/F0 →

W (β)dr =
3
2
β−5/2 exp

(
β−3/2) dβ
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nearest neighbor approximation

I β →∞ gives W (β)→ (3/2)β−5/2

I → profile drops off like ∆ω−5/2

I impact approximation: ∆ω−2
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Holtsmark theory

I consider effect of ensemble of perturbers →

W (β) =
2β
π

∫ ∞
0

exp
(
−y 3/n) y sin(βy) dy

I where F0 = γCnN
n/3 and

γ =

[
2π2n

3(n + 3)Γ(3/n) sin(3π/2n)

]n/3
I
∫

can be computed analytically only for n = 3/2 and
n = 3

I for n = 2 use expansions etc.
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Holtsmark theory
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quasi-static broadening

I consider H I lines
I → permanent dipole moment
I → linear Stark effect
I → energy shifts of levels ∝ field strength F

I Stark components overlap
I each has characteristic shift

∆λk =
2hλ2nk
8π2cmeZ

F = CkF

I and relative strength Ik
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quasi-static broadening

I total line profile

I (∆λ)d(∆λ) =
∑
k

IkW (F/F0)dF/F0

=
∑
k

IkW (∆λ/CkF0)d(∆λ)/CkF0
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quasi-static broadening

I set α = ∆λ/F0

I profile function

S(α)d(α) =
∑
k

IkW (α/CkF0)d(α)/CkF0

I absorption cross section

σ(∆λ) =
πe2

mc
fijS(∆λ/F0)

λ2

cF0

I S(α) must be tabulated
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Stark profiles
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detailed line profiles
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Importance of line profiles
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